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Concentration dependence of the scalar order parameter in liquid-crystalline systems
with variable molecular shape
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A theoretical model taking into account the photoisomerization influence on the nematic scalar order pa-
rameter is presented. An extension of the Maier-Saupe model is used to investigate the concentration depen-
dence of the scalar order parameter. The evolution of the concentration ofcis-transisomers and of the scalar
order parameter with the time of exposure to the illumination is investigated. Furthermore, it is shown that for
sufficiently long exposition of the mesophase to the illumination the nematic phase can disappear. This phase
transition takes place at a critical concentration ofcis constituents.

PACS number~s!: 61.30.Gd, 64.70.Md
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I. INTRODUCTION

In certain organic materials, which might exhibit liquid
crystalline phases, reversible transformations between di
ent molecular structures can be induced by tempera
variation as well as by adsorption of light. In some of the
materials, like in the 4,n-alkyloxybenzoic acids, displaying
nematic ~N! and smectic-C (SC) phases, the molecula
structure changes with temperature between three states
clic ~closed! dimers, open dimers, and monomers. These s
tems exhibit anomalies in the temperature dependence o
elastic constants@1#, the electroconductivity@2#, and the di-
electric permittivity@3#. The temperature trends of these co
stants deviate from those of the classical nematics. It is
sonable to assume that this phenomenon is connected t
temperature variable form of the constituent molecules of
4,n-alkyloxybenzoic acids. Consequently, to explain the
behaviors it is necessary to take into account these cha
in the molecular structure and to take into account also
relative concentrations of the different constituents form
the nematic phase@4#. In another type of material, like th
azobenzene ones, the phenomenon oftrans-cisphotoisomer-
ization takes place. This photoisomerization also results
drastic changes of the molecular shape, and, thus, also o
distribution of permanent dipole moments in the molecu
structures@5,6#. These systems present photoinduced al
ations leading to substantial changes of almost all mate
parameters characterizing the liquid-crystalline mater
@7–9# and also a reversible light-induced anchoring transit
due to the azobenzene moiety in the molecular structure@10#.

For what concerns the bulk properties, the photoisom
ization can also lead to a complete disappearing of
liquid-crystalline phase, replaced by the isotropic pha
when some critical concentration of constituents is reach
More precisely, under temperature change or under varia
of time exposure to uv illumination the system undergoe
phase transition to the isotropic phase due to the str
variation in the concentration of thecis constituents.

In this paper we present a theoretical model to desc
the behavior of the scalar order parameter and also of
macroscopic anisotropies with the concentration of the
PRE 611063-651X/2000/61~3!/2749~4!/$15.00
r-
re
e

cy-
s-
he

-
a-
the
e
e
es
e

g

in
the
r
r-
al
ls
n

r-
e
,

d.
n
a
g

e
e

f-

ferent molecular constituents characterizing the nem
state. The model takes into account the concentration de
dence of the effective nematic potential acting on the m
ecules in the frame of a mean-field approximation. An ext
sion of the Maier-Saupe model is considered in order
analyze the dependence of the nematic scalar order pa
eter vs the concentration of one of the constituents@11–13#.
In particular we will discuss the case in which the system
formed bytrans andcis isomers, where the chemical tran
formation of trans in cis is due to uv illumination.

II. THE SELF-CONSISTENT MODEL FOR TWO
MISCIBLE NEMATOGENS

We will consider the liquid-crystalline system as forme
by a mixture of two constituents, i.e., two miscible nema
gensN1 andN2. According to the system considered, the
constituents can bedimers and monomers, if an energy to
break the hydrogen bonding is considered@4#, or trans and
cis isomers in the case of azobenzene materials@5#. We sup-
pose that the molecules formingN1 andN2 are rodlike. Let
n be the nematic director of the mixture. The angles form
by the molecular long axes of the molecules ofN1 andN2
with n will be indicated byu1 and u2, respectively. In the
mean-field approximation the total nematic potential is giv
by @11–13#

V~u1 ,u2!5(
i , j

Vi j 5V111V221V121V21, ~1!

whereV11 andV12 are the mean-field potentials acting on
molecule ofN1 due to the other molecules ofN1 and due to
the molecules ofN2, respectively. A similar meaning ha
V22 andV21. The partial nematic mean-field potentialsVi j in
the Maier-Saupe approximation are given by@11–13#

Vi j 52a i j P2~u i !^P2~u j !&, ~2!

wherea i j are coupling constants that depend on the dista
between the center of mass of the molecules, on a molec
property, and also on the concentration of one of the c
2749 ©2000 The American Physical Society
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2750 PRE 61G. BARBERO AND L. R. EVANGELISTA
stituents in the system@4#. From the expressions reporte
above the total nematic potential can be written as

V~u1 ,u2!5V1~u1!1V2~u2!, ~3!

where

Vi~u i !52@a i i Si1a i j Sj #P2~u i !, ~4!

if we defineSi5^P2(u i)& as the scalar order parameters
the molecules ofNi . The total partition functionZT is then
factorized as follows:

ZT5E
0

1

d~cosu1!E
0

1

d~cosu2!e2(V11V2)/kBT

5E
0

1

d~cosu1!e2V1 /kBTE
0

1

d~cosu2!e2V2 /kBT

5Z1Z2 . ~5!

The behavior of the scalar order parameters is determine
imposing self-consistency, which furnishes the set
coupled equations

Si5

E
0

1

d~cosu i !P2~u i !e
2bVi

Zi
~6!

for i 51,2, which can be faced in a numerical way. T
above set of coupled equations depends on the temperatT
and on the quantitiesa i j entering in the partial nematic po
tential. The latter quantities, in turn, contain the strengths
the ~mean-field! interaction among the molecules formin
the nematicN1, among the molecules forming the nema
N2, and among the molecules ofN1 and those ofN2. The
concentration dependence of these quantities is determ
by assuming that

a i j 5ui j nj , ~7!

where ui j 5uji and ni5Ni /(N11N2), with Ni being the
number of molecules of the nematicNi @4#.

The free energy of the mixture is given by

F52(
i

@NikBT ln Zi1
1
2 Ni^Vi&#, ~8!

where, as it follows from Eqs.~4! and ~6!,

^Vi&52(
j

a i j SjSi . ~9!

Note that, sincea i j are given by Eq.~7!, from Eq. ~8! we
obtain that the conditions]F/]Si50 are equivalent to Eq
~6!. Puttingu125u215v the free energy density of the mix
ture is given by

F5NH 2(
i

FnikBT ln Zi1
1

2
ni

2uii Si
2G1vn1n2S1S2J ,

~10!
f

by
f

e

f
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whereN5N11N2. We can also define a macroscopic a
isotropyDX5Xi2X' , wherei and' refer to the nematic
director of a second order tensorXi j . As it is well known, in
the case of a pure compound, ifDX(m) is the molecular an-
isotropy andS the scalar order parameter, the macrosco
anisotropy isDX5SDX(m) @14#. In the case under conside
ation, where the nematic is a mixture of two nematogens,
have

DX5n1S1DX1
(m)1n2S2DX2

(m) , ~11!

where DX1
(m) and DX2

(m) are the molecular anisotropies o
the N1 andN2, respectively.

Let us now consider the case in which one of the const
ents do not contribute to the nematic order, as in the prob
of trans-cis isomerization. In this framework we will con
sider that only thetrans isomers~that have cylindrical sym-
metry! can build a nematic order, whereas thecis isomers
will tend to reduce this order. This assumption follows fro
the experimental evidence that the molecules of thecis iso-
mer are of ‘‘banana’’ shape. According to recent investig
tions this ‘‘banana’’ shape can be approximated by two l
ear parts forming an angle between them not very far fr
p/2 @10#. In this situation, due to the spinning and tumblin
motions of thermal origin, the molecules of thecis isomer
behave as spherical objects. Consequently in the liquid s
they can originate just an isotropic phase. In this framew
the molecules ofcis isomer give rise to a kind of neutra
backgound, where the molecules oftrans-isomer are respon
sible for nematic order. Furthermore, we will assume tha
zero temperature our system is made byNtrans5N isomers.
At a given temperatureT we have

ntrans1ncis51, ~12!

where ntrans5Ntrans(T)/N and ncis5Ncis(T)/N are the
equilibrium concentration oftransandcis isomers. The cou-
plingsa i j are then reduced to the case oftrans isomer–trans
isomer interactions, i.e.,a i j 5a trans anda trans5untrans @4#.

In the special case of one component considered ab
S5^P2(u)& will be the scalar order parameter oftrans iso-
mers, and the partition function can be easily written as

Z5E
0

1

d~cosu!e2V(u)/kBT, ~13!

and the free energy is reduced to

F52NtranskBT ln Z1
1

2
Ntransa transS

2. ~14!

Consequently, the order parameter can be obtained by s
ing just one self-consistent equation

S~T,ntrans!5

E
0

1

d~cosu!P2~u!e2bV(u)

Z
, ~15!

where we have indicated the explicit dependence on the c
centration of thetrans isomers. Our model is then reduced
the usual Maier-Saupe model, but now with a new ingredi
represented by temperature-dependent concentration.
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PRE 61 2751CONCENTRATION DEPENDENCE OF THE SCALAR . . .
dependence plays a distinct role from the one represente
the concentration dependence characteristic of the exclu
volume theories of Onsager type@15,16#. In fact, in the clas-
sical Onsager model the number of particles is fixed. In t
framework the critical density, below which the isotrop
phase is stable, follows from a balance between the en
connected with the excluded volume and the thermal ene
On the contrary, according to our model also the numbe
particles responsible for the nematic phase depends on
temperature. In Onsager’s model this is equivalent to hav
an excluded volume that is temperature dependent.

In Fig. 1 we show the nematic scalar order parameterSvs
the concentration of thecis isomers in the system for a typ
cal value of the reduced temperature (TR50.1v/kB). The
system exhibits a phase transition to the isotropic phase
ncis

c 50.55. One observes that near the critical concentra
the behavior of the order parameter can be well appro
mated by

S~ntrans!.S0S 12
ncis

ncis* D 1/6

, ~16!

where, for the case depicted in Fig. 1,S0'0.93, andncis* is a
concentration slightly belowncis

c . In Fig. 2 we present a
phase diagram of temperature vs concentration ofcis com-
ponent for the system. One observes that the usual cri
temperature for the Maier-Saupe model (TR50.22019v/kB)
@17# is reached just whenncis50, as expected, since in tha
model the concentration of the molecules giving rise to
nematic phase is fixed~which, in our model corresponds t
the assumption that onlytrans isomers are present!. This
result is in very good agreement with the data reported
@11#, relevant to the experimental determination of t
nematic-isotropic temperature for mixtures of MBBA dop
with a solute formed by quasispherical molecules. In fact,
experimental data, reported in Fig. 3 of@11#, show that the
critical temperature for the nematic-isotropic phase transi
of the mixture is a linear function of the concentration of t
solute, as predicted by our model~for details see also refer
ences quoted in@11#!.

FIG. 1. Scalar order parameter vs the concentrations ofcis iso-
mers for a fixed, reduced temperatureTR50.1v/kB . The trend of
the scalar order parameter follows a law of the kindS6}(1
2ncis /ncis* !.
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III. THE EQUILIBRIUM cis-transCONCENTRATIONS

At a given temperatureT, the isomerization reaction fol
lows the reaction scheme@ trans#→@cis#, depending on
some rate constants that, in turn, depend on the intensit
the light in the illumination process@18,19#. The time evo-
lution of the concentrations of the two constituents can
approximated by

ntrans~T,t !5cntrans~T!1~12c!ntrans~T!e2t/t, ~17!

wheret is a characteristic time andc is a parameter to con
trol the fraction oftrans-cis isomers at a given temperatur
after the illumination~because some kind of recombinatio
has to be taken into account!. In fact, whent50 one has
ntrans(T,0)5ntrans(T). From Eq.~12!, stating the conserva
tion of the total number of particles, and assuming forntrans
the approximate expression given by Eq.~17!, it is easy to
obtain

FIG. 2. Phase diagram in the reduced temperature vscis con-
centration plane. The critical line represents the first order ph
transition, nematic→ isotropic, induced by the variation in th
concentration ofcis isomers in the nematic medium.

FIG. 3. Scalar order parameter vs the exposure time for uv i
mination (t is a characteristic time!. Since thecis isomer concen-
tration is strongly increasing with time, the system exhibits a ph
transition to the isotropic phase at relatively low temperatures.
tice that forc.0.55 there is no phase transition at this temperat
(TR50.1v/kB).
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2752 PRE 61G. BARBERO AND L. R. EVANGELISTA
ncis~T,t !512ntrans~T,t !. ~18!

The time evolution proposed above takes into account
condition connected with Eq.~12! and also the experimenta
fact that with the exposure time to the illumination, the co
centration ofcis isomers increases, whereas thetrans isomer
concentrations decreases. However, in the limit of long ti
exposure, i.e.,t→`, the concentration oftransdoes not tend
to zero, but to some fraction~controlled by the parameterc)
of the equilibrium concentrationntrans(T).

Let us now recall the equilibrium distribution of the co
centrations of the different constituents forming the mixtu
Let m be the chemical potential of the mixture under cons
eration. At a given temperatureT the equilibrium distribu-
tions of cis and trans isomers are, respectively, given by

ncis5e2(m1E)/kBT, and ntrans5e2m/kBT, ~19!

subject to the condition~12!, which implies that

em/kBT511e22E/kBT. ~20!

This relation defines the chemical potential in terms of
energy difference between thetransandcis states and of the
temperature. It is important to stress, however, that this
pendence on the energy difference betweencis and trans
states is not so crucial becauseE@kBT. The limits for the
above expressions are the following:T→0 gives ncis→0,
ntrans→1. On the other hand, forT→`, ncis5ntrans51/2.
The temperature dependence of these constituents ca
used to explain the experimental data relative to the conc
trations of cyclic and open dimers, and monomers,
4, n-alkyloxybenzoic acids@4#. Now, if the above results ar
. A
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used in Eq.~15! it is possible to investigate the behavior
the order parameter with the exposure time to the illumi
tion.

In Fig. 3 we show the scalar order parameter vs the
posure time for the reduced temperature ofTR50.1v/kB .
One observes the crucial role played by the parameterc that
controls the concentration ofcis-trans isomers for long ex-
posure time. Ifc.0.55 there is no phase transition induc
by the time of exposure at the temperature considered.
evident that the permanence of the liquid-crystalline phas
strongly dependent on the concentration ofcis isomers in the
system.

IV. CONCLUSIONS

We have proposed a simple model to account for the
havior of the scalar order parameter in liquid-crystalline s
tems made by more than one nematogen component.
model is an extension of the Maier-Saupe-model, which
cludes the concentration variation of the constituents form
the nematic medium. The approach can be successfully
plied to distinct systems, like the one formed by cyc
dimers and monomers, and also to the systems wh
azobenzene compounds play a crucial role. Particular at
tion was devoted to these later systems where the illum
tion process gives rise to the appearance of new objects
different symmetries in the systems~photoisomerization!.
For these systems the theoretical predictions of the mode
in very good agreement with the experimental data.
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